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Abstract
In the present article we study basic aspects of the symplectic version of Clifford
analysis associated to the symplectic Dirac operator. Focusing mostly on the symplec-
tic vector space of real dimension 2, this involves the analysis of first order symmetry
operators, symplectic Clifford-Fourier transform, reproducing kernel for the symplec-
tic Fischer product and the construction of bases of symplectic monogenics for the
symplectic Dirac operator.
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1 Introduction
Harmonic analysis is a fruitful concept built on the analysis of function spaces equipped
with a Lie (finite, discrete, etc) group action. A key organizing principle in analyzing
function spaces and decomposing them into simple building blocks is the notion of
intertwining (differential, integral) operators. The basic example related to orthogonal
1
symmetry are quadratic spaces like euclidean space, sphere or hyperbolic space and
the Laplace operator acting on scalar valued smooth functions. Another developed
example concerns quadratic spaces, smooth functions valued in the spinor space or the
Clifford algebra and the orthogonally equivariant Dirac operator (collectively known as
the orthogonal Clifford analysis.)
In the present article we focus on a similar structure: we consider the symplec-
tic symmetry instead of the orthogonal group, as for function spaces we consider the
symplectic spinors (smooth functions valued in the Segal-Shale-Weil representation)
and the symplectic Dirac operator as a symplectic intertwining differential operator.
Namely, focusing mostly on the real dimension 2, we develop the basics of symplectic
Clifford analysis including the analysis of first order symmetry operators, symplectic
Clifford-Fourier transform, reproducing kernel for the symplectic Fischer product and
the construction of bases for symplectic monogenics for the symplectic Dirac operator.
Let us briefly indicate the structure of our article. Section 2 contains a review of
the metaplectic Howe duality, [6], a concise way of describing the space of symplectic
spinors through the invariant theory of the metaplectic Lie algebra mp(2n,R). Section
3 treats the concept of symmetry differential operators of the symplectic Dirac operator
in general even dimensions, and then specializes to several explicit problems both in real
and complex variables. In Section 4, we turn our attention to the action of the generator
of the Weyl group associated to mp(2,R), giving rise to the symplectic Clifford-Fourier
transform. In particular, we introduce the operator of metaplectic harmonic oscillator
and find its spectral decomposition into eigenspaces. Section 5 is devoted to the sym-
plectic Fischer product and the construction of its reproducing kernel. In Section 6, we
construct some explicit bases for the space of symplectic monogenics and prove several
useful characterizing properties
To summarize, our work is clearly the first attempt aiming to uncover fundamental
analytical properties of the symplectic Dirac operator. The generalization of our results
to a symplectic space of arbitrary dimension or a proper formulation of an analogue of
the Cauchy-Kovalevskaya theorem are still missing cornerstones of symplectic Clifford
analysis.
2 Representation theory and symplectic spinors
Let (R2n, ω) be the symplectic vector space with coordinates x1, . . . , xn, y1, . . . , yn,
and coordinate vector fields ∂x1 , . . . , ∂xn , ∂y1 , . . . , ∂yn or, equally, a symplectic frame
e1, . . . , e2n, fulfilling
ω(ej , en+j) = 1, ω(en+j , ej) = −1, j = 1, . . . , n (1)
and zero otherwise.
The symplectic Lie algebra sp(2n,R) has the matrix realization given by the span
of
Xjk = Ej,k − En+k,n+j,
Yjj = Ej,n+j,
Yjk = Ej,n+k + Ek,n+j for j 6= k,
Zjj = En+j,j,
Zjk = En+j,k + En+k,j for j 6= k,
2
where j, k = 1, . . . , n, and Ek,j is the 2n × 2n matrix with 1 on the intersection of the
k-th row and the j-th column and zero otherwise. The representation of sp(2n,R) on
the symmetric algebra of R2n, S∗(R2n,C) = C[x1, . . . , xn, y1, . . . , yn], is given by
Xjk = xj∂xk − yk∂yj ,
Yjj = xj∂yj ,
Yjk = xj∂yk + xk∂yj for j 6= k,
Zjj = yj∂xj ,
Zjk = yj∂xk + yk∂xj for j 6= k. (2)
Definition 2.1. The symplectic Clifford algebra Cls(R
2n, ω) on (R2n, ω) with a basis
{e1, . . . , e2n} is an associative unital algebra over C, given by the quotient of the tensor
algebra T (e1, . . . , e2n) by a two-sided ideal I ⊂ T (e1, . . . , e2n) generated by
v · w − w · v = −iω(v,w)
for all v,w ∈ R2n and i ∈ C the complex unit. Namely, the relations ej · ek − ek · ej =
−iω(ej , ek) for the basis {e1, . . . , e2n} hold true.
The symplectic Clifford algebra Cls(R
2n, ω) is isomorphic to the Weyl algebra W2n
of complex valued algebraic differential operators on Rn, and the symplectic Lie algebra
sp(2n,R) can be realized as a subalgebra of W2n.
In particular, W2n is an associative algebra generated by {q1, . . . , qn, ∂q1 , . . . , ∂qn},
the multiplication operator by qj and differentiation ∂qj , j = 1, . . . , n, and the symplec-
tic Lie algebra sp(2n,R) ⊂W2n is
Xjk = qk∂qj +
1
2
δj,k,
Yjj = − i
2
∂2qj ,
Yjk = i∂qj∂qk for j 6= k,
Zjj = − i
2
qj
2,
Zjk = iqjqk for j 6= k. (3)
We denote by S(Rn) the space of Schwartz functions on Rn. The representation of
sp(2n,R) on the space of polynomial symplectic spinors Pol(R2n,C) ⊗ S(Rn) is given
by the combination of the dual representation to (2) and the representation (3),
Xjk = −xj∂xk + yk∂yj + qk∂qj +
1
2
δj,k,
Yjj = −xj∂yj −
i
2
∂2qj ,
Yjk = xk∂yj + xj∂yk + i∂qj∂qk for j 6= k,
Zjj = −yj∂xj −
i
2
qj
2,
Zjk = yk∂xj + yj∂xk + iqjqk for j 6= k. (4)
The action of the basis elements e1, . . . , e2n on a symplectic spinor ϕ ∈ S(Rn) is given
by
ej · ϕ = iqjϕ,
en+j · ϕ = ∂qjϕ (5)
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for j = 1 . . . , n. The three differential operators valued in End(S(Rn)),
Xs =
n∑
j=1
(yj∂qj + ixjqj),
Ds =
n∑
j=1
(iqj∂yj − ∂xj∂qj),
E =
n∑
j=1
(xj∂xj + yj∂yj ), (6)
are sp(2n,C)-equivariant and generate the representation of the Lie algebra sl(2) on
the space Pol(R2n,C)⊗ S(Rn). Their commutation relations are
[E + n,Ds] = −Ds,
[E + n,Xs] = Xs,
[Xs,Ds] = i(E + n). (7)
The metaplectic analogue of the classical theorem on the separation of variables allows
to decompose polynomial symplectic spinors Pol(R2n,C) ⊗ S(Rn) under the action of
mp(2n,R) into a direct sum of simple (irreducible) mp(2n,R)-modules, cf. [6]:
Pol(R2n,C)⊗ S(Rn) ≃
∞⊕
l=0
∞⊕
j=0
XjsM
s
l (8)
with
M sl :=
(
Poll(R
2n,C)⊗ S(Rn)) ∩Ker(Ds),
which can be graphically represented as
P0 ⊗ S P1 ⊗ S P2 ⊗ S P3 ⊗ S P4 ⊗ S P5 ⊗ S
M s0
// XsM
s
0
⊕
// X2sM
s
0
⊕
// X3sM
s
0
⊕
// X4sM
s
0
⊕
// X5sM
s
0
⊕
M s1
// XsM
s
1
⊕
// X2sM
s
1
⊕
// X3sM
s
1
⊕
// X4sM
s
1
⊕
M s2
// XsM
s
2
⊕
// X2sM
s
2
⊕
// X3sM
s
2
⊕
M s3
// XsM
s
3
⊕
// X2sM
s
3
⊕
M s4
// XsM
s
4
⊕
M s5
To simplify the scheme, we used the notation Pj instead of Polj(R
2n,C) and S instead
of S(Rn) in the last picture. The symplectic Dirac operator Ds as well as Xs act
horizontally in the previous picture, but in opposite directions; E preserves each simple
metaplectic module in the decomposition.
4
3 Symmetries of the symplectic Dirac operator
We shall start the present section with a short reminder of the notion of symmetry
operators for the classical Dirac operator associated to a quadratic form, see [10] and
[11], and then pass to the case of our interest: the symplectic Dirac operator.
The Clifford algebra associated to a vector space equipped with a quadratic form B
is determined by the relations ej · ek + ek · ej = −2B(ej, ek), while the relations for the
symplectic Clifford algebra on (R2n, ω) are introduced in Definition 2.1. In the orthog-
onal case, the Dirac operator on Rm is D =
∑m
j=1 ej∂xj and its polynomial solutions
are coined spherical monogenics. The module of polynomial spherical monogenics of
homogeneity h is denoted by Mh =
(
Polh(R
m,C)⊗ S)∩Ker(D), where S is the spinor
space. In particular, each of the modules Mh, h ∈ N0, is an irreducible representation
of the Lie algebra so(m) acting by the differential operators
Kjk = xj∂xk − xk∂xj −
1
2
ejek, j 6= k, j, k = 1, . . . ,m.
Moreover, the space M =
⊕
hMh is an irreducible representation of the conformal
Lie algebra so(m + 1, 1,R), which is the linear span of Kjk, 2E +m − 1, ∂xj and T˜j ,
j, k = 1, . . . ,m; here the operators T˜j :Mh →Mh+1 act by
T˜j = Xej + xj(m+ 2E)− |X|2∂xj , (9)
where
X =
m∑
j=1
ejxj.
Let us now turn our attention to the symplectic space (R2n, ω). First of all, we
find differential operators increasing the homogeneity of polynomial solutions of the
symplectic Dirac operator by one. We construct them as a composition of the multi-
plication by xl, yl, l = 1, . . . , n, and projection on the kernel of the symplectic Dirac
operator Ds.
In the first step we check that D3s acts trivially on xlm, ylm for m ∈ M sh and
coordinate functions xl, yl on R
2n. For j = 1, . . . , n, we have
D2s(xjm) = Ds(−∂qjm) = −
2n∑
k=1
(iqk∂yk − ∂qk∂xk)∂qjm = i∂yjm,
D2s(yjm) = Ds(iqjm) =
2n∑
k=1
(iqk∂yk − ∂qk∂xk)iqjm = −i∂xjm, (10)
and so xlm, ylm are in the kernel of D
3
s for all l = 1, . . . , n. Denoting the identity
endomorphism Id, the corresponding projector of xlm, ylm on the homogeneity h + 1
subspace of Ker(Ds) is
P sh+1 = Id+cXsDs + dX
2
sD
2
s
for some constants c, d depending on h and n. The relations (7) imply that on the
spaces of homogeneous symplectic monogenics holds
P sh+1mh+1 = mh+1,
P sh+1Xsmh = Xsmh + cXsDsXsmh =
(
1− ic(h + n))Xsmh,
P sh+1X
2
smh−1 = X
2
smh−1 + cXsDs(X
2
smh−1) + dX
2
sD
2
s(X
2
smh−1)
= X2smh−1 − icX2s (h− 1 + n)mh−1 − icXs(h+ n)Xsmh−1
−d(2h+ 2n− 1)(h + n− 1)X2smh−1. (11)
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Then the second and the third expressions in (11) are zero provided
c =
1
i(h+ n)
, d =
−1
(h+ n)(2h+ 2n− 1) ,
hence the projector is
P sh+1 = Id+
1
i(h+ n)
XsDs − 1
(h+ n)(2h+ 2n− 1)X
2
sD
2
s . (12)
The action of the operators Sl = P
s
h+1xl, l = 1, . . . , n and Sn+l = P
s
h+1yl, l = 1, . . . , n,
on m ∈M sh is then
Sjm = xjm− cXs∂qjm+ i dX2s∂yjm,
Sn+jm = yjm+ cXsiqjm− i dX2s ∂xjm,
so we can define for j = 1, . . . , n the collection of differential operators
Zj := −i(h+ n)(2h+ 2n− 1)Sn+j ,
Zn+j := i(h+ n)(2h+ 2n− 1)Sj . (13)
Proposition 3.1. Let n ∈ N. The differential operators
Zj = X
2
s∂xj − iyj(E + n)(2E + 2n− 1)− iXsqj(2E + 2n− 1),
Zn+j = X
2
s∂yj + ixj(E + n)(2E + 2n− 1)−Xs∂qj(2E + 2n− 1)
(14)
for j = 1, . . . , n are mp(2n,R)-equivariant and preserve the solution space of the sym-
plectic Dirac operator on (R2n, ω). The operators Zl, l = 1, . . . , 2n, increase the homo-
geneity in the basis variables x1, . . . , xn, y1, . . . , yn by one:
Zl : Ker(Ds)→ Ker(Ds),
Zl :Mh 7→Mh+1, l = 1, . . . , 2n, (15)
where Mh is the irreducible mp(2n,R)-module of homogeneity h symplectic polynomial
spinors in Ker(Ds).
Proof: The property of mp(2n,R)-equivariance means that the vector space of di-
mension 2n generated by {Z1, . . . , Zn, Zn+1, . . . , Z2n} transforms in the fundamental
vector representation of mp(2n,R) with respect to the canonical Lie algebra struc-
ture on the associative algebra W4n ⊗ Cls(R2n, ω). Recall that W4n is generated by
xj , yj, ∂xj , ∂yj for j = 1, . . . , n. The verification of all commutation relations of the Lie
algebra mp(2n,R) (cf., (4)) with {Z1, . . . , Zn, Zn+1, . . . , Z2n} is a straightforward but
tedious computation.
The second part of the claim is a consequence of
[Ds,X
2
s∂xj ] = −iXs∂xj (2E + 2n− 1),
[Ds, ωjkδ
k,lxl(E + n)(2E + 2n− 1)] = −ej(E + n)(2E + 2n− 1)
+ωjkδ
k,lxl(4E + 4n+ 1)Ds,
[Ds,Xsej(2E + 2n− 1)] = −iej(E + n)(2E + 2n− 1)
−iXs∂xj (2E + 2n− 1) + 2XsejDs, (16)
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because the linear combination
AX2s∂xj +Bωjkδ
k,lxl(E + n)(2E + 2n − 1) +CXsej(2E + 2n− 1)
for A,B,C ∈ C and all j = 1, . . . , 2n commutes with Ds provided A = 1, B = i and
C = −1. To shorten our notation we used ωjk = ω(ej , ek), see (1).

The differential operators Zj , Zn+j, j = 1, . . . , n are of third order, and are of
second order in the base variables xj, yj (due to their quadratic dependence on the
homogeneity operator E.)
Proposition 3.2. The mp(2n,R)-equivariant first order differential operators
∂xj , ∂yj , j = 1, . . . , n (17)
preserve the solution space of the symplectic Dirac operator on (R2n, ω):
∂xj , ∂yj : Ker(Ds)→ Ker(Ds),
∂xj , ∂yj :Mh 7→Mh−1, j = 1, . . . , n, (18)
where Mh is the irreducible mp(2n,R)-module of homogeneity h symplectic polynomial
spinors in Ker(Ds).
Proof: The property of mp(2n,R)-equivariance means that the vector space of
dimension 2n generated by {∂x1 , . . . , ∂xn , ∂y1 , . . . , ∂yn} transforms in the fundamental
vector representation of mp(2n,R) with respect to the canonical Lie algebra structure
on the associative algebra W4n ⊗ Cls(R2n, ω). The verification of all commutation
relations of the Lie algebra mp(2n,R) (cf., (4)) with {∂x1 , . . . , ∂xn , ∂y1 , . . . , ∂yn} is a
straightforward computation.
The rest of the claim follows from [∂xj ,Ds] = 0 and [∂yj ,Ds] = 0 for j = 1, . . . , n.

3.1 First order symmetries of the symplectic Dirac opera-
tor on (R2, ω)
The aim of the present section is to compute all first order differential operators (in
both the horizontal variables x, y and the vertical variable q) which are symmetries
of the symplectic Dirac operator. Here we restrict to n = 2, the case of general even
dimension being notationally tedious.
We start with (R2, ω) and denote the coordinates by x = x1, y = y1, the coordinate
vector fields by ∂x, ∂y and a symplectic frame is e1, e2 with the action on a symplectic
spinor ϕ ∈ Pol(R2,C)⊗ S(R)
e1 · ϕ = iqϕ, e2 · ϕ = ∂qϕ.
Following (4), the basis elements of mp(2,R)(≃ sp(2,R) ≃ sl(2)) act as
X˜ = −y∂x − i
2
q2,
Y˜ = −x∂y − i
2
∂2q ,
H˜ = −x∂x + y∂y + q∂q + 1
2
, (19)
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and satisfy the commutation relations of the Lie algebra mp(2,R):
[X˜, Y˜ ] = H˜,
[H˜, X˜] = 2X˜,
[H˜, Y˜ ] = −2Y˜ .
Notice that these operators preserve homogeneity in the variables x, y. The three
mp(2,R)-invariant operators
Xs = y∂q + ixq,
Ds = iq∂y − ∂x∂q,
E = x∂x + y∂y (20)
form the Lie algebra isomorphic to sl(2). The operators Xs,Ds and E commute with
X˜, Y˜ and H˜, i.e. they are mp(2,R) intertwining differential operators on complex poly-
nomials valued in the Segal-Shale-Weil representation. A consequence of Proposition
3.1 and Proposition 3.2 is
Corollary 3.3. The commuting operators
Z1 = −X2s∂x + iy(E + 1)(2E + 1) +Xsiq(2E + 1),
Z2 = −X2s∂y − ix(E + 1)(2E + 1) +Xs∂q(2E + 1) (21)
preserve the solution space of the symplectic Dirac operator Ds and increase the ho-
mogeneity in the variables x, y by one, Zj : Mh 7→ Mh+1, j = 1, 2, for Mh being the
irreducible mp(2,R)-module of homogeneity h polynomial symplectic spinors in Ker(Ds).
The commuting operators
∂x, ∂y (22)
preserve the solution space of the symplectic Dirac operator Ds and decrease the homo-
geneity in the variables x, y by one.
The commutator [Z1, Z2] is zero, and
[∂x, Z1] = −2iX˜(2E + 1),
[∂y, Z1] = 2XsDs + iH˜(2E + 1) + i(2E + 1)(2E + 1) +
i
2
,
[∂x, Z2] = −2XsDs + iH˜(2E + 1)− i(2E + 1)(2E + 1)− i
2
,
[∂y, Z2] = 2iY˜ (2E + 1). (23)
Moreover, we have
[Z1, H˜ ] = −Z1, [Z2, H˜ ] = Z2,
[Z1, X˜ ] = 0, [Z2, X˜ ] = −Z1,
[Z1, Y˜ ] = Z2, [Z2, Y˜ ] = 0,
[Z1, E] = −Z1, [Z2, E] = −Z2,
(24)
as well as
[∂x, H˜] = −∂x [∂y, H˜ ] = ∂y,
[∂x, X˜] = 0 [∂y, X˜ ] = −∂x,
[∂x, Y˜ ] = −∂y [∂y, Y˜ ] = 0,
[∂x, E] = ∂x, [∂y, E] = ∂y.
(25)
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Remark 3.4. The commutator of commutators [∂x, Z1] = −2iX˜(2E+1) and [∂y, Z2] =
2iY˜ (2E + 1) gives
[−2iX˜(2E + 1), 2iY˜ (2E + 1)] = 4H˜(2E + 1)(2E + 1).
Then we can compute the commutator of this commutator with, for example, [∂x, Z1] =
−2iX˜(2E + 1), resulting in the third power of (2E + 1). In general, we can produce an
arbitrarily high power of (2E+1) in iterated commutators, hence the linear span of the
operators H˜, X˜, Y˜ , ∂x, ∂y, Z1, Z2 and E is not closed under the commutator bracket.
Let us briefly mention the key concept of (generalized) differential symmetries for
the symplectic Dirac operator, see [10] and references therein for an introduction. A
differential operator A is a symmetry of Ds if there exists another differential operator
B such that
DsA = BDs. (26)
Consequently, symmetry operators preserve the solution space of the symplectic Dirac
operator.
Theorem 3.5. The first order symmetries of the symplectic Dirac operator Ds on R
2
are given by the linear span of differential operators ∂x, ∂y, H˜, X˜, E and yH˜ − 2xX˜ +
yE + 32y.
Proof: Let us consider a general first order differential operator in the variables
x, y, q:
A = F0(x, y, q)∂x + F1(x, y, q)∂y + F2(x, y, q)∂q + F3(x, y, q),
where Fj , j = 0, 1, 2, 3, are convenient functions of x, y and q. Then DsA = ADs +
[Ds, A], so that (26) implies [Ds, A] = B
′Ds for a differential operator B′. The compu-
tation of commutators gives(
iq[∂y, F0(x, y, q)]− ∂q[∂x, F0(x, y, q)] − [∂q, F2(x, y, q)]∂q − [∂q, F3(x, y, q)]
)
∂x
+
(
iq[∂y, F1(x, y, q)]− ∂q[∂x, F1(x, y, q)] + F2(x, y, q)[iq, ∂q ]
)
∂y
−[∂q, F0(x, y, q)]∂2x − [∂q, F1(x, y, q)]∂x∂y
+iq[∂y, F2(x, y, q)]∂q − ∂q[∂x, F2(x, y, q)]∂q + iq[∂y, F3(x, y, q)]− ∂q[∂x, F3(x, y, q)]
= B′(iq∂y − ∂x∂q).
The commutator [∂q, F0(x, y, q)] by ∂
2
x does not depend on ∂q and so equals to zero.
Hence F0(x, y, q) is independent of the variable q, F0 ≡ F0(x, y). Then the commu-
tator [∂q, F1(x, y, q)] by ∂x∂y has to be zero as well, i.e., F1(x, y) is independent of
q. Moreover, the commutator [∂x, F1(x, y)] in ∂q[∂x, F1(x, y)]∂y has to be zero, i.e.,
F1 ≡ F1(y).
We can separate the last equation into three equalities:(
iq[∂y, F0(x, y)]− [∂q, F3(x, y, q)]−
(
[∂x, F0(x, y)] + [∂q, F2(x, y, q)]
)
∂q
)
∂x
= −B′∂q∂x, (27)(
iq[∂y, F1(y)]− iF2(x, y, q)
)
∂y = B
′iq∂y, (28)
iq[∂y, F2(x, y, q)]∂q − ∂q[∂x, F2(x, y, q)]∂q + iq[∂y, F3(x, y, q)]
− ∂q[∂x, F3(x, y, q)] = 0. (29)
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The equation (27) yields iq[∂y, F0(x, y)]− [∂q, F3(x, y, q)] = 0. We set
F3(x, y, q) = F
′
3(x, y)
i
2
q2 + F ′′3 (x, y), (30)
and therefore
[∂y, F0(x, y)] = F
′
3(x, y). (31)
The second equality (28) implies
F2(x, y, q) = F
′
2(x, y)q. (32)
Then [∂q, F2(x, y, q)] = F
′
2(x, y), and equations (28) and (27) give
[∂y, F1(y)]− F ′2(x, y) = [∂x, F0(x, y)] + F ′2(x, y),
[∂y, F1(y)] = [∂x, F0(x, y)] + 2F
′
2(x, y). (33)
The equation (29) can be rewritten with the use of (30) and (32) as
[∂y, F
′
2(x, y)]iq
2∂q − [∂x, F ′2(x, y)](∂q + q∂2q )− [∂y, F ′3(x, y)]
1
2
q3
+[∂y, F
′′
3 (x, y)]iq − [∂x, F ′3(x, y)](iq +
1
2
iq2∂q)− [∂x, F ′′3 (x, y)]∂q = 0.
Because there is only one commutator by q∂2q and q
3, we have F ′2 ≡ F ′2(y), F ′3 ≡ F ′3(x).
Then the commutators by ∂q have to be zero and F
′′
3 is independent of x, F
′′
3 ≡ F ′′3 (y).
The commutators by iq2∂q and iq give the relations
[∂y, F
′
2(y)]−
1
2
[∂x, F
′
3(x)] = 0, [∂y, F
′′
3 (y)]− [∂x, F ′3(x)] = 0. (34)
The solution of (34) is F ′2(y) =
1
2αy + γ, F
′
3(x) = αx + β and F
′′
3 = αy + γ. The
substitution of this solution into (31) yields F0(x, y) = αxy+βy+F
′
0(x). Substituting
into (33), we get F ′0(x) = ηx + ζ and F1(y) = αy
2 + (2γ + η)y + κ. Taken altogether,
the functions Fj , j = 0, 1, 2, 3 are
F0 = αxy + ηx+ βy + ζ, F2 =
1
2
αyq + γq,
F1 = αy
2 + (2γ + η)y + κ, F3 = (αx+ β)
i
2
q2 + αy + δ,
where α, β, γ, δ, η, ζ, κ ∈ C are arbitrary constants. The constant β corresponds to the
operator X˜, ζ and κ correspond to ∂x and ∂y. A combination of η, γ and δ corresponds
to a combination of E, H˜ and the identity operator. Finally, α corresponds to the
operator yH˜ − 2xX˜ + yE + 32y.

We notice that Y˜ is a second order differential operator, but it is first order in the
base variables x, y. The operators Z1, Z2 are symmetries of Ds but they are third order
differential operators, second order in the base variables x, y.
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3.2 First order symmetries in the holomorphic variable
We use the complex coordinates z = x + iy, z = x − iy, for the standard complex
structure on R2, where ∂x = ∂z + ∂z¯ and ∂y = i(∂z − ∂z¯). In the complex coordinates
z, z¯ we have
Xs =
i
2
(
(q − ∂q)z + (q + ∂q)z¯
)
,
Ds = −(q + ∂q)∂z + (q − ∂q)∂z¯ ,
E = z∂z + z¯∂z¯ (35)
and
Z1 = 2X
2
s ∂z + z¯(E + 1)(2E + 1) + iXs(∂q − q)(2E + 1),
Z2 = 2X
2
s ∂z¯ − z(E + 1)(2E + 1)− iXs(∂q + q)(2E + 1), (36)
where Z1 = Z¯1 + iZ¯2 and Z2 = Z¯1 − iZ¯2, cf. Z¯1 and Z¯2 in Corollary 3.3.
The commutator of [Z1, Z2] is trivial and the commutators with (anti-)holomorphic
coordinate vector fields are
[Z1, ∂z] = 2iXt(2E + 1),
[Z1, ∂z¯] = 2iXsDs −Ht(2E + 1)− (2E + 1)(2E + 1)− 1
2
,
[Z2, ∂z] = −2iXsDs −Ht(2E + 1) + (2E + 1)(2E + 1) + 1
2
,
[Z2, ∂z¯] = 2iYt(2E + 1), (37)
where we introduced
Ht = i
¯˜
X − i ¯˜Y,
Xt = −1
2
( ¯˜
X + ¯˜Y + i ¯˜H
)
,
Yt = −1
2
( ¯˜
X + ¯˜Y − i ¯˜H),
with ¯˜H, ¯˜X and ¯˜Y the operators (19) in the variables z, z¯:
Ht = z¯∂z¯ − z∂z + 1
2
(q2 − ∂2q ),
Xt = iz¯∂z +
i
4
(q − ∂q)2,
Yt = −iz∂z¯ + i
4
(q + ∂q)
2. (38)
The operators Ht,Xt and Yt commute with Ds,Xs, E, and satisfy the commutation
relations of the Lie algebra mp(2,R):
[Xt, Yt] = Ht,
[Ht,Xt] = 2Xt,
[Ht, Yt] = −2Yt. (39)
A straightforward computation reveals
[Z1,Ht] = −Z1, [Z2,Ht] = Z2,
[Z1,Xt] = 0, [Z2,Xt] = iZ1,
[Z1, Yt] = −iZ2, [Z2, Yt] = 0,
[Z1, E] = −Z1, [Z2, E] = −Z2,
(40)
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[∂z,Ht] = −∂z, [∂z¯ ,Ht] = ∂z¯,
[∂z,Xt] = 0, [∂z¯ ,Xt] = i∂z,
[∂z, Yt] = −i∂z¯, [∂z¯ , Yt] = 0,
[∂z, E] = ∂z, [∂z¯ , E] = ∂z¯.
(41)
4 Towards a symplectic Clifford-Fourier transform
The central role in harmonic analysis on Rn is played by the Lie algebra sl(2,C),
generated by the so(n,R)-invariant Laplace operator △ and the norm squared |x|2 of
the vector x ∈ Rn. The classical integral Fourier transform,
F (f)(y) = (2pi)−
n
2
∫
Rn
f(x) exp−i〈x,y〉 dx, 〈x, y〉 =
n∑
i=1
xiyi, (42)
can be equivalently represented by the operator exponential that contains the generators
of sl(2,C):
exp
ipin
4 exp
ipi
4
(△−|x|2), (43)
which means that the two operators have the same spectral properties. There are
analogous results in the harmonic analysis for finite groups based on Dunkl operators,
or Clifford analysis based on the Clifford algebra associated to a quadratic form and
the Dirac operator D =
n∑
j=1
ej∂xj , written in a basis e1, . . . en of R
n with coordinates
x1, . . . , xn, cf. [3], [4] and [5].
In the present section we discuss several basic questions in this direction, focusing
on symplectic Clifford analysis and the associated symplectic Dirac operator in real
dimension 2.
4.1 The eigenfunction decomposition for the operator Ds−
cXs
The symplectic Fourier transform is based on the eigenvalue equation
(Ds − cXs)f = λf, c ∈ R, λ ∈ C. (44)
As already indicated, we shall stick to the real dimension 2 and look for the solutions
of this equation in terms of a linear combination of elements g(Xs)m
s
k, where m
s
k ∈M sk
is a symplectic monogenic and g is a polynomial in the variable Xs. We shall first focus
on the problem whether for a symplectic spinor ϕ valued in S(R) holds eαXsϕ ∈ S(R)
for α ∈ C.
Lemma 4.1. The following identity holds,
eαXse−
q2
2 = e−
q2
2 e
1
2
α(ix−y)(2q+αy). (45)
Proof: Writing the exponential as
eαXse−
q2
2 =
∞∑
k=0
αk
k!
Xks e
− q2
2 ,
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we show by induction on k ∈ N0 that
Xks e
− q2
2 = e−
q2
2
⌊k
2
⌋∑
m=0
k!(ix− y)k−mqk−2mym
m!(k − 2m)!2m . (46)
Recall the notation ⌊·⌋ for the floor function. The equation is satisfied for k = 0 and for
k = 1, Xse
− q2
2 is equal to e−
q2
2 q(ix − y). Assuming (46) holds for k, we aim to prove
the identity for k + 1. Let us start with odd k:
(ixq + y∂q)e
− q2
2
⌊k
2
⌋∑
m=0
k!(ix − y)k−mqk−2mym
m!(k − 2m)!2m
= e−
q2
2
⌊k
2
⌋∑
m=0
k!(ix − y)k+1−mqk+1−2mym
m!(k − 2m)!2m
+e−
q2
2
⌊k
2
⌋∑
m=0
k!(ix− y)k−mqk−1−2mym+1
m!(k − 2m− 1)!2m ,
and the shift m 7→ m− 1 in the second sum results into
e−
q2
2
⌊k
2
⌋∑
m=0
(k + 1)!(ix − y)k+1−mqk+1−2mym
m!(k + 1− 2m)!2m
(
k + 1− 2m
k + 1
+
2m
k + 1
)
+e−
q2
2
(k + 1)!(ix − y)k+1− k+12 y k+12(
k+1
2
)
!2
k+1
2
= e−
q2
2
⌊k+1
2
⌋∑
m=0
(k + 1)!(ix − y)k+1−mqk+1−2mym
m!(k + 1− 2m)!2m
which proves the induction step. For k even, ⌊k2⌋ = ⌊k+12 ⌋ and the second expression
on the last display is zero, so that
eαXse−
q2
2 = e−
q2
2
∞∑
k=0
⌊k
2
⌋∑
m=0
αk(ix− y)k−mqk−2mym
m!(k − 2m)!2m .
The change of the order in the last summation while keeping m fixed gives
∞∑
k=2m
αk(ix− y)k−mqk−2mym
m!(k − 2m)!2m =
α2m(ix− y)mym
m!2m
eαq(ix−y), (47)
and so
e−
q2
2
∞∑
m=0
α2m(ix− y)mym
m!2m
eαq(ix−y) = e−
q2
2 e
1
2
α(ix−y)(2q+αy).

By Lemma 4.1 we see that eαXsϕ, α ∈ C, is for ϕ = e− q
2
2 a Schwartz function in the
variable q and a non-polynomial function in the variables x, y. This property remains
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true for any ϕ = p(x, y)e−
q2
2 , where p(x, y) ∈ Pol(R2,C): taking as basis elements of
the Schwartz space qje−
q2
2 ∈ S(R), j ∈ N0,
eαXsqje−
q2
2 =
∞∑
k=0
αk
k!
Xks q
je−
q2
2 (48)
is a Schwartz function in q, because in the expansion ofXks q
je−
q2
2 the maximal exponent
of q is just k + j, cf. (46). Therefore, eαXsqje−
q2
2 grows as qje−
q2
2 eαq, α ∈ C, which is
a characterizing property of Schwartz function class in the variable q.
It is easy to verify the following identities in the universal enveloping algebra
U
(
sl(2,C)
)
:
[E + n,Xks ] = kX
k
s ,
[Ds,X
k
s ] = −i(E + n)Xk−1s − iXs(E + n)Xk−2s − . . .− iXk−1s (E + n)
= −ikk − 1
2
Xk−1s − ikXk−1s (E + n), (49)
so that for all α ∈ C
[Ds, e
αXs ] =
∞∑
k=0
αk
k!
[Ds,X
k
s ]
= −i
∞∑
k=1
αk
(k − 1)!X
k−1
s (E + n)− i
α2
2
Xs
∞∑
k=2
αk−2
(k − 2)!X
k−2
s
= −iαeαXs(E + n)− iα
2
2
Xse
αXs . (50)
The substitution of
f = eαXsg(Xs)m
s
k
into (44), where msk ∈M sk is a symplectic monogenic and g(Xs) is a polynomial in Xs,
yields
Dse
αXsg(Xs)m
s
k − cXseαXsg(Xs)msk = λeαXsg(Xs)msk.
Because eαXs is an invertible operator, we get
Ds(g(Xs)m
s
k)− iα(E + n)g(Xs)msk −
(
c+ i
α2
2
)
Xsg(Xs)m
s
k = λg(Xs)m
s
k.
Now we set c = −iα22 , i.e.,
√
2ic = α (we choose and fix one of the roots):
Ds
(
g(Xs)m
s
k
)− iα(E + n)g(Xs)msk = λg(Xs)msk (51)
and substitute
g(Xs) = g
j
k(Xs) =
j∑
l=0
β
j,k
l X
l
s. (52)
Then (51) turns into the recursion relation
λ
j∑
l=0
β
j,k
l X
l
sm
s
k = −iα
j∑
l=0
β
j,k
l (l + k + n)X
l
sm
s
k +
j∑
l=0
β
j,k
l Ds(X
l
sm
s
k),
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and noting Ds(X
l
sm
s
k) = −i l2(2k + 2n+ l − 1)X l−1s msk, see (49), we have
j∑
l=0
(λ+ iα(l + k + n))βj,kl X
l
sm
s
k = −i
j−1∑
l=0
l + 1
2
(2k + 2n+ l)βj,kl+1X
l
sm
s
k.
Finally, we obtain the recurrence relations for l = 0, 1, . . . , j − 1:
(λ+ iα(l + k + n))βj,kl = −i
l + 1
2
(2k + 2n+ l)βj,kl+1, (53)
(λ+ iα(l + k + n))βj,kj = 0. (54)
In order for g(Xs) to be a polynomial in x, y of degree j, we need to have λ = −iα(n+
j + k) as an eigenvalue. Hence our recursion becomes
α(j − l)βj,kl =
l + 1
2
(2k + 2n+ l)βj,kl+1,
which results in
β
j,k
l+1 =
2α(j − l)
(l + 1)(2k + 2n+ l)
β
j,k
l = . . . = 2
l+1αl+1
(
j
l + 1
)
(2k + 2n − 1)!
(2k + 2n+ l)!
β
j,k
0 .
Therefore, we conclude that
β
j,k
l = 2
lαl
(
j
l
)
(2k + 2n− 1)!
(2k + 2n− 1 + l)!β
j,k
0 , (55)
and we choose βj,k0 = 1. Hence we have
g
j
k(Xs) =
j∑
l=0
2lαl
(
j
l
)
(2k + 2n− 1)!
(2k + 2n− 1 + l)!X
l
s
= j!
(2k + 2n− 1)!
(2k + 2n− 1 + j)!L
2n+2k−1
j (−2αXs), (56)
where Lβj is the generalized Laguerre polynomial,
L
β
j (x) =
j∑
l=0
(−1)l (j + β)(j + β − 1) . . . (j + β + l − j + 1)
(j − l)!
xl
l!
defined by the formula
L
β
j (x) =
x−βex
j!
dj
dxj
(xx+βe−x).
The spectral decomposition of our operator, which can be termed the symplectic spin
harmonic oscillator, is summarized in the following theorem.
Theorem 4.2. The operator H = Ds − cXs, c ∈ R, has a complete system of eigen-
functions (valued in the Segal-Shale-Weil representation) given by
f
j
k = e
√
2icXsL2n+2k−1j (−2
√
2icXs)m
s
k, (57)
where Lαj (−2
√
2icXs) is the generalized Laguerre polynomial of the operator −2
√
2icXs,
msk ∈M sk is a symplectic monogenic and j, k ∈ N, with corresponding eigenvalue
λ
j
k =
√
2ic(n+ j + k). (58)
Example 4.3. The simplest eigenfunction for j = 0 is e
√
2icXse−
q2
2 ∈M s0 , where e−
q2
2
is a highest weight vector of the Segal-Shale-Weil representation.
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5 Fischer product and reproducing kernel on sym-
plectic spinors
Let us briefly mention a motivation given by the classical orthogonal Fischer scalar
product. For two complex polynomials valued in the Clifford algebra associated to a
quadratic form, f ⊗ a, g ⊗ b ∈ Pol(Rm,C) ⊗ Cl(Rm), the Fischer scalar product is
defined by
〈f ⊗ a, g ⊗ b〉 = [f(∂x)g]x=0[ab]0.
Here f(∂x) is a differential operator, where we substitute ∂xj for the variable xj , j =
1, . . . ,m, and act by the resulting differential operator on a polynomial g(x). As for
the values, [ ]0 denotes the zero degree part of an element in Cl(R
m). The properties
of scalar products are conveniently encoded in their reproducing kernels. For example,
the space of homogeneous polynomials of homogeneity k satisfies〈 〈x, y〉k
k!
, g(x)
〉
= g(y)
for all g ∈ Polk(Rm,C) and 〈, 〉 the canonical scalar product on Rm. Hence the repro-
ducing kernel for homogeneity k harmonic polynomials Hk,
Zk(x, y) = ProjHk
(〈x, y〉k
k!
)
, (59)
can be expressed by the use of the Gegenbauer polynomial. The interested reader can
find more about this topic in, e.g., [2] and [7].
In what follows, we attempt to apply the concept of Fischer product and reproducing
kernel to the space of symplectic spinors equipped with the action of the metaplectic
Lie algebra. As in the previous section, after some general considerations we focus
mostly on the real dimension 2.
5.1 Fischer product and reproducing kernel for n = 1
We now aim to define the Fischer product on the space of symplectic spinors. We
construct the symplectic Fischer product on Pol(R2n,C)⊗S(Rn) for f ⊗ψ, g⊗φ with
f, g ∈ Pol(R2n,C) and ψ, φ ∈ S(Rn), in the form
〈f ⊗ ψ, g ⊗ φ〉 = ω(f, g)
∫
Rn
ψ(q)φ(q) dq. (60)
The integral is the inner product in the fiber variables q1, . . . , qn and ω(f, g) is the
evaluation of a lift of the symplectic form to symmetric tensors Symk(R
2n), k ∈ N. We
put
ω(v1 ⊗ . . .⊗ vk, w1 ⊗ . . .⊗ wk) =
∑
(j1,...,jk)∈Sk
ω(v1, wj1)ω(v2, wj2) . . . ω(vk, wjk), (61)
where vj, wj ∈ R2n and we sum over all even permutations of the set {1, . . . , k}.
As already advertised above, we now focus on the real 2-dimensional case and for
a moment elaborate on the part of the inner product on Pol(R2,C) given in (61). We
normalize the lift of the symplectic form to be ω(e1, e2) = 1 for v = xe1 + ye2 ∈ R2,
and define the Fourier symplectic transformation by
x←→ ∂y, y ←→ −∂x.
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Consequently, we get for r, s, t, u ∈ N0
〈xrys, xtyu〉 = ω(xrys, xtyu) = (−1)s∂ry∂sxxtyu = (−1)su!s!δr,uδs,t,
and so we have for f = xrys, g = xtyu and r + s = t+ u
ω(f, yg) = 〈f, yg〉 = (−1)s∂ry∂sxxtyu+1 = (−1)s(u+ 1)!s!δr,u+1δs,t,
ω(∂xf, g) = 〈∂xf, g〉 = r〈xr−1ys, xtyu〉 = (−1)sr(r − 1)!s!δr−1,uδs,t,
ω(f, xg) = 〈f, xg〉 = (−1)s(t+ 1)!s!δr,uδs,t+1,
ω(∂yf, g) = 〈∂yf, g〉 = (−1)s−1r!(s− 1)!δr,uδs−1,t.
Hence, there are the relations
〈∂xf, g〉 = 〈f, yg〉, −〈∂yf, g〉 = 〈f, xg〉. (62)
Let us now summarize our definitions and basic properties in the 2-dimensional case.
Definition 5.1. The symplectic Fischer product for f(x, y)⊗ψ, g(x, y)⊗φ, with f, g ∈
Pol(R2,C) and ψ, φ ∈ S(R), is given by
〈f ⊗ ψ, g ⊗ φ〉 = [f(∂y,−∂x)g(x, y)]x=y=0
∫ ∞
−∞
ψ(q)φ(q) dq, (63)
where the bar denotes the complex conjugation of a complex valued function.
Lemma 5.2. The bilinear form defined in (63) for all a, b ∈ Pol(R2,C)⊗S(R) satisfies
1. 〈qa, b〉 = 〈a, qb〉, and 〈iqa, b〉 = 〈a,−iqb〉.
2. 〈∂qa, b〉 = −〈a, ∂qb〉 and 〈i∂qa, b〉 = 〈a, i∂qb〉.
3. 〈∂xa, b〉 = 〈a, yb〉.
4. 〈∂ya, b〉 = −〈a, xb〉.
5. 〈xa, b〉 = 〈a, ∂yb〉.
6. 〈ya, b〉 = −〈a, ∂xb〉.
Now we compute the adjoints of operators Ds,Xs with respect to 〈 , 〉.
Lemma 5.3. The adjoint operator for the symplectic Dirac operator Ds with respect
to the symplectic Fischer product is Xs, and vice versa. We have
〈Dsa, b〉 = 〈a,Xsb〉, 〈Xsa, b〉 = 〈a,Dsb〉,
for arbitrary a, b ∈ Pol(R2,C)⊗ S(R).
Proof: A direct computation for a, b ∈ Pol(R2,C)⊗ S(R) gives
〈Dsa, b〉 = 〈(iq∂y − ∂q∂x)a, b〉 = 〈a, (iqx + ∂qy)b〉,
〈Xsa, b〉 = 〈(iqx+ ∂qy)a, b〉 = 〈a, (iq∂y − ∂q∂x)b〉.

Consequently, we have the orthogonality relations for the symplectic Fischer decom-
position,
〈Xjsmsk,X lsmsh〉 ∼ δj,lδk,h, (64)
with symplectic monogenics msk ∈M sk ,msh ∈M sh.
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Lemma 5.4. The adjoint operators to the basis elements X˜, Y˜ and H˜ of mp(2,R), cf.
(19), with respect to the symplectic Fischer product are −X˜,−Y˜ and −H˜, respectively.
Now we pass to the construction of the reproducing kernel Kk(ξ1, ξ2, x, y) for the
bilinear form
(f(x, y), g(x, y)) = [f(∂y,−∂x)g(x, y)]x=y=0
on the space of polynomials of homogeneity k. Inspired by the orthogonal case, we
claim
Kk(ξ1, ξ2, x, y) =
1
k!
(− ξ1y + ξ2x)k. (65)
Indeed, we have
(
Kk(ξ1, ξ2, x, y), p(x, y)
)
=
(
1
k!
(− ξ1y + ξ2x)k, p(x, y)
)
=
1
k!
(
ξ1∂x + ξ2∂y
)k
p(x, y) = p(ξ1, ξ2) (66)
for p(x, y) ∈ Polk(R2,C).
In order to adapt Kk(ξ1, ξ2, x, y) to the reproducing kernel Zk of the space of sym-
plectic monogenics M sk , we shall regard Kk(ξ1, ξ2, x, y) as an element in the algebra
Polk(R
2 × R2,C)⊗ End(S(R)) with the value in End(S(R)) given by the identity en-
domorphism on S(R). Moreover, we introduce the projector
Projksm : Polk(R
2,C)⊗ S(R)→M sk ,
Projksm =
k∑
j=1
akjX
j
sD
j
s ∈ Polk(R2,C)⊗ End(S(R)), (67)
to homogeneity k symplectic monogenics, see [6], and define the symplectic Fischer
End(S(R))-valued pairing for the elements in the spaces Polk(R2 × R2,C)⊗ End(S(R))
and Polk(R
2,C)⊗ End(S(R)) by
〈f(ξ1, ξ2, x, y, q, ∂q), g(x, y, q)〉 = [f(ξ1, ξ2, ∂y,−∂x, q, ∂q)g(x, y, q)]x=y=0 . (68)
We remark that we used in (68) the same notation 〈 , 〉 for the symplectic Fischer
End(S(R))-valued product as for the R-valued scalar product (60), and believe the at-
tentive reader will not have a problem in distinguishing which of them is currently used.
Another remark is that we exploit in (68) the well-known fact that any symplectic spinor
g(x, y, q) ∈ Polk(R2,C)⊗ S(R) can be regarded as an element in Polk(R2,C)⊗ End(S(R)),
because the space of Schwartz functions is a complex algebra.
Theorem 5.5. The projection operator Projksm and the reproducing kernel Zk relate to
the symplectic Fischer product as follows:
1. Projksm is self-adjoint.
2. Zk(ξ1, ξ2, x, y, q, ∂q) = Proj
k
smKk(ξ1, ξ2, x, y) is the reproducing kernel for M
s
k .
Proof: Indeed, using this pairing, we first observe the self-adjointness property of
Projksm:
〈Projksmf, g〉 =
k∑
j=0
akj 〈XjsDjsf, g〉 =
k∑
j=0
akj 〈f,XjsDjsg〉 = 〈f,Projksmg〉.
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By (66), we have for msk ∈M sk
〈Zk(ξ1, ξ2, x, y, q, ∂q),msk(x, y, q)〉 = 〈Kk(ξ1, ξ2, x, y),Projksmmsk〉
= msk(ξ1, ξ2, q),
and for any j ∈ N holds
〈Zk(ξ1, ξ2, x, y, q, ∂q),Xjsmsk−j(x, y, q)〉 = 〈Kk(ξ1, ξ2, x, y),ProjksmXjsmsk−j〉 = 0.

Proposition 5.6. The reproducing kernel Zk has the explicit form
Zk(ξ1, ξ2, x, y, q, ∂q) =
k∑
j=0
ijakj
1
(k − j)!
(− ξ1y + ξ2x)k−jXjsξjs, (69)
where ξs = −qξ1 + i∂qξ2.
Proof: First we need an explicit formula for DjsKk(ξ1, ξ2, x, y), j = 1, . . . , k. We
obtain by the chain rule
DsKk(ξ1, ξ2, x, y) = (iq∂y − ∂q∂x) 1
k!
(− ξ1y + ξ2x)k
= Kk−1(ξ1, ξ2, x, y)(iqξ1 − ∂qξ2) = iKk−1(ξ1, ξ2, x, y)ξs.
Therefore, DjsKk(ξ1, ξ2, x, y) = i
jKk−j(ξ1, ξ2, x, y)ξ
j
s , and so
Zk(ξ1, ξ2, x, y, q, ∂q) =
k∑
j=0
akjX
j
sD
j
sKk(ξ1, ξ2, x, y)
=
k∑
j=0
ijakjX
j
sKk−j(ξ1, ξ2, x, y)ξ
j
s =
k∑
j=0
ijakjX
j
s
(− ξ1y + ξ2x)k−j
(k − j)! ξ
j
s
which proves the assertion.

6 Explicit bases of symplectic monogenics on (R2, ω)
In the present section we construct some explicit bases for symplectic monogenicsM sh in
Pol(R2,C)⊗S(R) of homogeneity h, and prove several useful characterizing properties.
The first distinguished basis is written in the real coordinates x and y on R2 and
the (topological) basis qje−
q2
2 , j ∈ N0, of the Schwartz space. The second distinguished
basis for symplectic monogenics is written in the complex coordinates z and z¯ on R2 ≃ C
and the (topological) basis of Hermite functions ψj(q), j ∈ N0, for S(R).
Proposition 6.1. The symplectic spinors of homogeneity h in the variables x, y and
odd in the variable q for h, k ∈ N0 with k ≥ h,
s˜ho,k = e
− q2
2
h∑
p=0
(−1)p (2k + 1)!!
(2k − 2p + 1)!!
(
h
p
)
q2k+1−2p(x+ iy)h−p(iy)p (70)
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and even in variable q for k ∈ N0,
s˜he,k = e
− q2
2
h∑
p=0
(−1)p (2k)!!
(2k − 2p)!!
(
h
p
)
q2k−2p(x+ iy)h−p(iy)p, (71)
form a (topological) basis of the odd and even part of the symplectic monogenics M sh,
respectively.
Proof: Let us consider a polynomial monogenic symplectic spinor
f(x, y, q) = e−
q2
2
∞∑
j=0
qjpj(x, y),
where pj(x, y) are polynomials in the variables x, y. Solving the equation Dsf(x, y, q) =
0, we have
0 = (iq∂y − ∂x∂q)f(x, y, q)
= e−
q2
2
∞∑
j=0
(
iqj+1∂ypj(x, y) + q
j+1∂xpj(x, y)− jqj−1∂xpj(x, y)
)
.
The Schwartz functions e−
q2
2 qj , j ∈ N0 are linearly independent, hence
qj ((∂x + i∂y)pj−1(x, y)− (j + 1)∂xpj+1(x, y)) = 0 (72)
for each j ∈ N0. We get a system of recursion equations, splitting into two subsystems
of odd and even homogeneity in the variable q and the solution follows.
For a fixed homogeneity h in the variables x and y, the systems s˜ho,k and s˜
h
e,k con-
tain all powers qj , j ∈ N0, for appropriate k and all possible combinations of x, y in
Pol(R2,C) so that they are in Ker(Ds). Therefore, the odd (70) and even (71) systems
form a basis of M sh because {qje−
q2
2 }j∈N is a (topological) basis of S(R).

In the complex coordinates z = x + iy, z = x − iy, with ∂x = ∂z + ∂z¯ and ∂y =
i(∂z − ∂z¯), the symplectic Dirac operator is by (35) given by
Ds = −(q + ∂q)∂z + (q − ∂q)∂z¯. (73)
Let us recall (see e.g. [15]) that the Hermite functions {ψk(q)}k∈N0 form a (topological)
basis of the Schwartz space S(R). The k-th Hermite function is
ψk(q) =
1√
2kk!
√
pi
e−
q2
2 Hk(q) =
(−1)k√
2kk!
√
pi
(
q − ∂q
)k
e−
q2
2 ,
where Hk is the k-th Hermite polynomial. The operators (q + ∂q) and (q − ∂q) act on
the basis vectors by
(q + ∂q)ψk =
√
2
√
kψk−1,
(q − ∂q)ψk =
√
2
√
k + 1ψk+1, (74)
and together with the operator acting by a multiple of identity on each ψk form the
representation of the Lie algebra sl(2,C). We shall use the following easily verified
formulas
(q2 − ∂2q )ψk = (2k + 1)ψk,
(q − ∂q)2ψk = 2
√
(k + 1)(k + 2)ψk+2,
(q + ∂q)
2ψk = 2
√
k(k − 1)ψk−2. (75)
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Proposition 6.2. The polynomial symplectic spinors of homogeneity h in the variables
z, z¯ and odd in the variable q for k ∈ N0,
sho,k =
h∑
p=0
√
(2k + 2p)!!
(2k + 2p+ 1)!!
(
h
p
)
ψ2k+2p+1(q)z¯
h−pzp, (76)
form the basis of the odd part of the solution space of the symplectic Dirac operator Ds.
The polynomial symplectic spinors of homogeneity h in the variables z, z¯ and even
in the variable q for k ∈ N0,
she,k =
h∑
p=0
√
(2k + 2p − 1)!!
(2k + 2p)!!
(
h
p
)
ψ2k+2p(q)z¯
h−pzp, (77)
and for k = −1,−2, . . . ,−h
she,k =
h∑
p=|k|
√
(2k + 2p− 1)!!
(2k + 2p)!!
(
h
p
)
ψ2k+2p(q)z¯
h−pzp, (78)
form the basis of the even part of the solution space of the symplectic Dirac operator
Ds.
Proof: Let us consider a polynomial monogenic symplectic spinor
f(z, z¯, q) =
∞∑
l=0
ψl(q)pl(z, z¯),
where ψl(q) is the l-th Hermite function and pl(z, z¯) is a polynomial in the variables
z, z¯. The action of the symplectic Dirac operator is then
0 = Dsf(z, z¯, q) =
(
(q + ∂q)∂z − (q − ∂q)∂z¯
)
f(z, z¯, q)
=
√
2
∞∑
l=0
√
lψl−1(q)∂zpl(z, z¯)−
√
l + 1ψl+1(q)∂z¯pl(z, z¯).
The Hermite functions are linearly independent, which implies
ψl(q)(
√
l + 1∂zpl+1(z, z¯)−
√
l∂z¯pl−1(z, z¯)) = 0 (79)
for each l ∈ N0. The system of recursion equations is split into two systems with odd
and even indexes in the variable q, each of which is easy to resolve.
For a fixed homogeneity h the systems of symplectic polynomial spinors (76), (77)
and (78) form a basis of symplectic monogenics M sk of homogeneity h, and because the
Hermite functions form a basis of S(R) the above collection of symplectic monogenics
is a (topological) basis of Ker(Ds).

Let us now explore the properties of the symplectic Fischer product (63) applied to
the basis elements discussed in the Proposition 6.1 and Proposition 6.2. The motivation
for this question is the existence of a basis of symplectic monogenics, which is isotropic
with respect to the product (63).
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Lemma 6.3. The basis elements (70) and (71) of homogeneity 2 in the symplectic
Fischer product (63) satisfy, for k, l ∈ N, k, l ≥ 2,
〈s˜2o,k, s˜2o,l〉 =
−3√pi(2k + 2l − 5)
2k+l−3
,
〈s˜2e,k, s˜2e,l〉 =
−3√pi(2k + 2l − 5)
2k+l−2
,
〈s˜2o,k, s˜2e,l〉 = 0.
Proof: Focusing just on the Pol(R2,C) part of the symplectic Fischer product (63),
the only non zero combinations of x, y in homogeneity 2 are 〈x2, y2〉 = 2 and 〈xy, xy〉 =
−1. Then ∫∞−∞ e−q2q2t dq = √pi(2t+1)2t for t ∈ N0 and moreover, ∫∞−∞ e−q2qt dq = 0 for t
odd.

Therefore, we see that the symplectic Fischer product (63) of any two odd or even
basis elements (70), (71) for k, l ≥ 2 is non-zero (in fact, negative) for k = l. This
implies that the symplectic Fischer product (63) does not seem to be a convenient
candidate for the scalar product on Pol(R2,C)⊗ S(R).
Let us rewrite the symplectic Fischer product (63) in the complex variables. In the
variables z, z¯, we have a non-trivial pairing for the pairs z ←→ −2i∂z¯ and z¯ ←→ 2i∂z .
Hence for f(z, z¯)⊗ ψ, g(z, z¯)⊗ φ, with f, g ∈ Pol(R2,C) and ψ, φ ∈ S(R),
〈f ⊗ ψ, g ⊗ φ〉 = [f(−2i∂z¯, 2i∂z)g(z, z¯)]z=z¯=0
∫ ∞
−∞
ψ(q)φ(q) dq. (80)
Let us look at the symplectic Fischer product (80) for the low homogeneity basis ele-
ments sho,k, (76), of odd part of the symplectic monogenics.
Example 6.4. In the homogeneity 2 and k, l ∈ N holds
〈s2o,k, s2o,l〉 = −8
(2k)!!
(2k + 1)!!
δ2k+1,2l+5 + 16
(2k + 2)!!
(2k + 3)!!
δ2k+2,2l+2
−8(2k + 4)!!
(2k + 5)!!
δ2k+5,2l+1,
where just one of the Kronecker deltas on the previous display may be non-zero. We
observe that for k = l holds 〈s2o,k, s2o,k〉 6= 0, because δ2k+2,2l+2 6= 0.
In the homogeneity 3 and k, l ∈ N,
〈s3o,k, s3o,l〉 = −48i
(2k)!!
(2k + 1)!!
δ2k+1,2l+7 − 16i(2k + 2)!!
(2k + 3)!!
δ2k+3,2l+5
+16i
(2k + 4)!!
(2k + 5)!!
δ2k+5,2l+3 + 48i
(2k + 6)!!
(2k + 7)!!
δ2k+7,2l+1,
where again just one Kronecker delta may be non-zero. For k = l the symplectic Fischer
product gives zero, 〈s3o,k, s3o,k〉 = 0, and the analogous conclusion 〈sho,k, sho,k〉 = 0 can be
made for all odd homogeneities h.
Let us now consider another skew-symmetric bilinear form on Pol(R2,C) ⊗ S(R),
which is skew-symmetric on S(R) and possesses several remarkable properties. We use
again the complex variables on R2.
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Definition 6.5. Let us introduce a bilinear form 〈 , 〉1 on symplectic spinors, defined
on f(z, z¯)⊗ ψ, g(z, z¯)⊗ φ with f, g ∈ Pol(R2,C) and ψ, φ ∈ S(R) by
〈f ⊗ ψ, g ⊗ φ〉1 =
√
2
[
1
h!
f(∂z, ∂z¯)g(z, z¯)
]
z=z¯=0
∫ ∞
−∞
(
∂qψ(q)
)
φ(q) dq, (81)
where h denotes the homogeneity of the polynomial f(z, z¯).
In the monomial basis, we have for r, s, t, u ∈ N0
〈zrz¯s ⊗ ψ, ztz¯u ⊗ φ〉1 =
√
2
r!s!
(r + s)!
δr,tδs,u
∫ ∞
−∞
(
∂qψ(q)
)
φ(q) dq, (82)
where δr,t denotes the Kronecker delta. Moreover, for a, b ∈ Pol(R2,C)⊗ S(R) holds
〈za, b〉1 = 〈a, ∂zb〉1, 〈∂za, b〉1 = 〈a, zb〉1,
〈z¯a, b〉1 = 〈a, ∂z¯b〉1, 〈∂z¯a, b〉1 = 〈a, z¯b〉1. (83)
Notice that the bilinear form 〈 , 〉1 is not mp(2,R)-invariant on the whole space of
symplectic spinors, because
〈Ht(f ⊗ ψ), g ⊗ φ〉1 − 〈f ⊗ ψ,Ht(g ⊗ φ)〉1
= [f, g]
∫ ∞
−∞
qψ(q)φ(q) dq,
〈Xt(f ⊗ ψ), g ⊗ φ〉1 − 〈f ⊗ ψ,Xt(g ⊗ φ)〉1
=
i
2
[f, g]
∫ ∞
−∞
(
qψ(q)φ(q) + 2q
(
∂qψ(q)
)(
∂qφ(q)
))
dq,
〈Yt(f ⊗ ψ), g ⊗ φ〉1 − 〈f ⊗ ψ, Yt(g ⊗ φ)〉1
=
i
2
[f, g]
∫ ∞
−∞
(
qψ(q)φ(q)− 2q(∂qψ(q))(∂qφ(q)))dq,
with
[f, g] :=
√
2
[
1
h!
f(∂z, ∂z¯)g(z, z¯)
]
z=z¯=0
.
However, 〈 , 〉1 is mp(2,R)-invariant when restricted to any of the two irreducible sub-
spaces of symplectic spinors (given by the subspaces of even and odd Schwartz functions,
respectively.)
Let us now define the elements
shE,l =
1
2h
l∑
j=0
she,j, (84)
which form a basis of even symplectic monogenics in the homogeneity h (as well as the
set she,l, l ∈ N0, cf. (77).)
Theorem 6.6. The basis elements sho,k, s
h
E,k, k ∈ N0, of the polynomial symplectic
monogenics of homogeneity h in the variables z, z¯ form two isotropic subspaces of the
symplectic monogenics M sh with respect to the form defined in (81). Namely, the basis
elements satisfy
〈sho,k, sho,l〉1 = 0, 〈sho,k, shE,l〉1 = δk,l,
〈shE,k, shE,l〉1 = 0, 〈shE,l, sho,k〉1 = −δk,l, (85)
for k, l ∈ N0 and h ∈ N0. Moreover, the form is identically zero for symplectic mono-
genics of different homogeneities h, h′.
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Proof: Let us remind the orthonormality relation
∫∞
−∞ ψk(q)ψl(q) dq = δk,l for
Hermite functions. Then the relations in the first column (85) are obvious, because the
derivative of a Hermite function ψk(q) is
∂qψk(q) =
√
k
2
ψk−1(q)−
√
k + 1
2
ψk+1(q)
and consequently, the integral in the bilinear form is zero.
As for the proof of the relation 〈sho,k, shE,l〉1 = δk,l, we first prove
〈sho,k, she,l〉1 = 2h(δk,l − δk+1,l)
for k, l ∈ N0. We use (82) to simplify the calculation and get
〈sho,k, she,l〉1 =
h∑
p=0
√
(2k + 2p)!!(2l + 2p − 1)!!
(2k + 2p+ 1)!!(2l + 2p)!!
(
h
p
)2 (h− p)!p!
h!
×
(
δ2k+2p,2l+2p
√
2k + 2p+ 1− δ2k+2p+2,2l+2p
√
2k + 2p+ 2
)
.
This is equal to
∑h
p=0
(
h
p
)
= 2h for k = l, −2h for k + 1 = l and zero otherwise. Then
for the basis elements shE,l we have 〈sho,k, shE,l〉1 =
∑l
j=0 δk,j −
∑l
j=0 δk+1,j, which is
non-zero just for k = l. The last relation in (85) follows from the skew-symmetry of the
integration in the variable q. For different homogeneities, the statement easily follows
from (82).

We remark that for k < 0, the elements she,k in (78) satisfy
〈she,l, she,k〉1 = 0, 〈sho,j, she,k〉1 = 0, 〈shE,j, she,k〉1 = 0,
for each k, l ∈ Z, −h ≤ k < 0, −h ≤ l and j ∈ N0.
6.1 The action of symmetry operators of the symplectic
Dirac operator on the basis of symplectic monogenics
In the present part we determine the action of the symmetry operators introduced
in Section 3.2 on the basis of symplectic monogenics described in Proposition 6.2. We
remark that the action of the symmetry operators on the basis of symplectic monogenics
described in Proposition 6.1 is much more involved.
We shall start with the even component of the basis.
Proposition 6.7. The operators ∂z and ∂z¯ decrease the homogeneity in z, z¯ and pre-
serve the elements of even basis (77), (78) of the kernel of the symplectic Dirac operator
Ds. In particular, for k ∈ Z, k ≤ −h,
∂zs
h
e,k = hs
h−1
e,k+1,
∂z¯s
h
e,k = hs
h−1
e,k , for k 6= −h, ∂z¯she,−h = 0. (86)
Proof: We verify the relation ∂zs
h
e,k = hs
h−1
e,k+1 for k ∈ N0, the others being analo-
gous. We have
∂z
h∑
p=0
√
(2k + 2p− 1)!!
(2k + 2p)!!
(
h
p
)
ψ2k+2p(q)z¯
h−pzp
=
h∑
p=1
√
(2k + 2p − 1)!!
(2k + 2p)!!
h!
(h− p)!(p− 1)!ψ2k+2p(q)z¯
h−pzp−1,
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and a shift in the summation index by one gives
h−1∑
p=0
√
(2k + 2p+ 1)!!
(2k + 2p+ 2)!!
h!
(h− p− 1)!p!ψ2k+2p+2(q)z¯
h−1−pzp = hsh−1e,k+1
as required.

Proposition 6.8. The operators Ht,Xt and Yt, see (38), preserve the span of even
elements of the basis (77), (78) of the kernel of the symplectic Dirac operator, and the
action on the basis elements is, for k ∈ Z, k ≤ −h, given by
Hts
h
e,k = (h+ 2k +
1
2
)she,k,
Xts
h
e,k = i(h+ k + 1)s
h
e,k+1,
Yts
h
e,k = i(k −
1
2
)she,k−1, for k 6= −h, Ytshe,−h = 0. (87)
Proof: This is again a straightforward computation. For example, let us prove the
relation Xts
h
e,k = i(h+ k + 1)s
h
e,k+1, k ∈ N0:(
iz¯∂z +
i
4
(q − ∂q)2
) h∑
p=0
√
(2k + 2p− 1)!!
(2k + 2p)!!
(
h
p
)
ψ2k+2p(q)z¯
h−pzp
= i
h∑
p=1
√
(2k + 2p− 1)!!
(2k + 2p)!!
h!
(h− p− 1)!(p − 1)!ψ2k+2p(q)z¯
h−p+1zp−1
+
i
4
h∑
p=0
√
(2k + 2p− 1)!!
(2k + 2p)!!
(
h
p
)
×
× 2
√
(2k + 2p + 1)(2k + 2p + 2)ψ2k+2p+2(q)z¯
h−pzp,
and a shift by one in the summation index in the first sum gives
= i
h∑
p=0
√
(2k + 2p+ 1)!!
(2k + 2p+ 2)!!
(
h
p
)
ψ2k+2p+2(q)z¯
h−pzp
(
h− p+ 1
2
(2k + 2p+ 2)
)
= i(h+ k + 1)she,k+1.

Proposition 6.9. The operators Z1 and Z2, see (36), increase the homogeneity by one
in the variables z, z¯ and preserve the even elements of the basis (77), (78) of the kernel
of the symplectic Dirac operator. The operators satisfy for k ∈ Z, k ≤ −h,
Z1s
h
e,k = 2(h + 1)(h + k + 1)s
h+1
e,k ,
Z2s
h
e,k = (h+ 1)(2k − 1)sh+1e,k−1. (88)
Proof: It follows from (36) that
Z1 = −1
2
((
q − ∂q
)2
z2 + 2
(
q2 + ∂2q
)
zz¯ +
(
q + ∂q
)2
z¯2
)
∂z
+z¯(E + 1)(2E + 1) +
1
2
((
q − ∂q
)2
z +
(
q + ∂q
)(
q − ∂q
)
z¯
)
(2E + 1)
Z2 = −1
2
((
q − ∂q
)2
z2 + 2
(
q2 + ∂2q
)
zz¯ +
(
q + ∂q
)2
z¯2
)
∂z¯
−z(E + 1)(2E + 1) + 1
2
((
q − ∂q
)(
q + ∂q
)
z +
(
q + ∂q
)2
z¯
)
(2E + 1)
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Now using (74), (75) and (2E+1)she,k = (2h+1)s
h
e,k, (E+1)s
h
e,k = (h+1)s
h
e,k, we verify
the relation Z2s
h
e,k = (h+ 1)(2k − 1)sh+1e,k−1 for k ∈ N0:
Z2
( h∑
p=0
√
(2k + 2p− 1)!!
(2k + 2p)!!
(
h
p
)
ψ2k+2p(q)z¯
h−pzp
)
is equal to the sum of three summations:
= −1
2
h−1∑
p=0
√
(2k + 2p − 1)!!
(2k + 2p)!!
(
h
p
)
(h− p)
2
(√
(2k + 2p + 1)(2k + 2p + 2)ψ2k+2p+2(q)z¯
h−p−1zp+2
+(4k + 4p + 1)ψ2k+2p(q)z¯
h−pzp+1
+
√
(2k + 2p)(2k + 2p− 1)ψ2k+2p−2(q)z¯h−p+1zp
)
−
h∑
p=0
√
(2k + 2p− 1)!!
(2k + 2p)!!
(
h
p
)
(h+ 1)(2h + 1)ψ2k+2p(q)z¯
h−pzp+1
+
1
2
h∑
p=0
√
(2k + 2p − 1)!!
(2k + 2p)!!
(
h
p
)
(2h + 1)2
(
(2k + 2p)ψ2k+2p(q)z¯
h−pzp+1
+
√
(2k + 2p)(2k + 2p− 1)ψ2k+2p−2(q)z¯h−p+1zp
)
.
We reorganize the sums to get the contributions to a given Hermite function,
=
h−1∑
p=0
√
(2k + 2p+ 1)!!
(2k + 2p+ 2)!!
ψ2k+2p+2(q)z¯
h−p−1zp+2
(
h
p
)
(p − h)(2k + 2p + 2)
+
h∑
p=0
√
(2k + 2p− 1)!!
(2k + 2p)!!
ψ2k+2p(q)z¯
h−pzp+1
(
h
p
)
(
(p− h)(4k + 4p + 1) + (2h + 1)(2k + 2p− h− 1))
+
h∑
p=0
√
(2k + 2p− 3)!!
(2k + 2p− 2)!!ψ2k+2p−2(q)z¯
h−p+1zp
(
h
p
)
(2k + 2p − 1)(h + p+ 1),
and do appropriate shifts in summations and multiple expressions to produce the re-
quired combinatorial coefficients:
=
h+1∑
p=0
√
(2k + 2p − 3)!!
(2k + 2p − 2)!!ψ2k+2p−2(q)z¯
h−p+1zp
(h+ 1)!
(h− p+ 1)!p!
1
h− 1
(− (p − 1)p(2k + 2p − 2) + p(p− 1− h)(4k + 4p− 3)
+p(2h+ 1)(2k + 2p − h− 3) + (h− p+ 1)(2k + 2p− 1)(h + p+ 1))
= sh+1e,k−1(h+ 1)(2k − 1).
The remaining equalities are analogous.

The proof of the analogous statement for the odd part of the basis of the kernel of
the symplectic Dirac operator is analogous to the even part in the previous proposition
and so is omitted. This result is summarized in the next proposition.
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Proposition 6.10. 1. The operators ∂z and ∂z¯ decrease the homogeneity in the
variables z, z¯ by one and preserve odd elements of the basis (76), k ∈ N0, of the
kernel of the symplectic Dirac operator Ds:
∂zs
h
o,k = hs
h−1
o,k+1,
∂z¯s
h
o,k = hs
h−1
o,k . (89)
2. The operators Ht,Xt and Yt preserve odd elements of the basis (76), k ∈ N0, of
the kernel of the symplectic Dirac operator:
Hts
h
o,k = (h+ 2k +
3
2
)sho,k,
Xts
h
o,k = i(h+ k +
3
2
)sho,k+1,
Yts
h
o,k = iks
h
o,k−1, for k 6= 0, Ytsho,0 = 0. (90)
3. The operators Z1 and Z2 increase the homogeneity by one in the variables z, z¯,
and map odd elements of the basis (76), k ∈ N0, to the elements of odd basis of
the homogeneity plus one higher of the kernel of the symplectic Dirac operator,
Z1s
h
o,k = (1 + h)(2h + 2k + 3)s
h+1
o,k ,
Z2s
h
o,k = 2(h + 1)ks
h+1
o,k−1. (91)
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